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CONVERGENCE OF THE TWO-DIMENSIONAL RANDOM 
WALK LOOP-SOUP CLUSTERS TO CLE 


TITUS LUPU 

Laboratoire de Mathematiques, Universite Paris-Sud, Orsay 

Abstract. We consider the random walk loop-soup of sub-critical intensity 
parameter on the discrete half-plane H := Z x N. We look at the clusters 
of discrete loops and show that the scaling limit of the outer boundaries of 
outermost clusters is a CLE*, Conformal loop ensemble. 
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1. Introduction 

One can naturally associate to a wide class of Markov processes an infinite mea¬ 
sure on time-parametrised loops. Roughly speaking, given a locally compact second- 
countable space S , a Markov process (X t )o<t«; on 5 , defined up to a killing time 
C £ (0,+oo], with transition densities pt(x,y) with respect some cr-finite measure 
m(dy), incorporating the killing if there is one, and with bridge probability measures 
Pj, (•), where the bridges are conditioned on ( > t, the loop measure associated to 
A is 

(1.1) MO = [ [ K,x{-)Pti.x,x)^-m{dx). 

JxesJt> o 1 

See [ 7 ] for the precise setting and definition. A Poisson ensemble of Markov loops 
or loop-soup of intensity parameter a > 0 is a Poisson point process of loops of 
intensity ay. It is a random countable collection of loops. These loop-soups satisfy 
some universal properties, one of which is the relation to the Gaussian free field at 
intensity parameter a = 1/2 (p| ; 8j). We will deal with the clusters of loops. Two 
loops 7 and 7' in a loop-soup belong to the same cluster if there is a chain of loops 
7o,..., 7 j such that 70 = 7, 7? = 7' and 7 \ and 7;_i visit a common point in S. 


E-mail address : titus.lupu@math.u-psud.fr, titus.lupu@eth-its.ethz.ch. 
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We will consider loop-soups in three different settings. In the first one, on the 
continuum half-plane H = {3(z) > 0} C C, we will consider the loop-soups associ¬ 
ated to the Brownian motion on H killed at the first hitting time of the boundary R 
and denote them These two-dimensional Brownian loop-soups were introduced 
by Lawler and Werner in [¥| and used by Sheffield and Werner in 531 to give a 
construction of Conformal loop ensembles (CLE). In 0) we use the same normal¬ 
isation of the loop measure as in m, m or [3]. However, contrary to what is 
claimed in |13j , the intensity parameter a does not equal the central charge c. The 
central charge is a notion that comes from Conformal Field Theory. It corresponds 
to representations of Virasoro algebra. Actually 


c 



The 1/2 factor was pointed out by Werner in a private communication. It also 
appears in Lawler’s work [5]. The confusion originates from the article [3j. There 
the authors consider a Brownian loop soup in the half-plane and a continuous path 
cutting the half-plane, parametrised by the half-plane capacity. For such a path the 
half-plane capacity at time t equals 2 1 . It discovers progressively new Brownian 
loops and the authors map these loops conformally to the origin. In Theorem 1 
they identify the processes of these conformally mapped Brownian loops to be a 
Poisson point process with intensity proportional to the Brownian bubble measure. 
In the identification of intensity there is a factor 2 missing. Actually, in the article 
[1], Theorem 1 is inconsistent with Proposition 11 . 

In the second setting, on the discrete rescaled half-plane 


H 


n • — 



X 



we will consider the loop-soups associated to the nearest neighbours Markov jump 
process with uniform transition rates and killed at the first hitting time of the 
boundary ^Zx {0}. We will denote these loop-soups . The loop-soups associated 
to Markov jump processes on more general electrical networks were studied by Le 
Jan in [2]. If one forgets the parametrisation by continuous time and the ’’loops” 
that visit only one vertex, these are exactly the random walk loop-soups studied 
by Lawler and Trujillo-Ferreras in [3]. See also [B], Section 9. 

In the third setting, we will use the metric (or cable) graphs H n associated to 
H„: each ’’discrete” edge {(£, £), (j±i, £)} or {(£, £), (i, is replaced by a 

continuous line of length /. Let (H/") 0 <t<^ be the Brownian motion on H„ (cable 
process) killed at reaching the boundary, that is to say the vertices ^Z x {0} and all 
the lines joining (^,0) to (^,0). One can find a construction of (Bf n ) o<t<c„ i n 
[5] - Inside each line segment, Bf 71 evolves like a one-dimensional Brownian motion. 
After reaching a vertex, the process makes Brownian excursions in each of the four 
possible directions before hitting the next vertex. Each direction has an equal rate. 
{Bit )o<t<Cn/2 converges in law to the Brownian motion on the half-plane H killed 

at reaching R. We will denote by the loop-soups associated to {Bf n )o<t<c n - 
The loop-soups on metric graphs were first considered in [5]. We will use metric 
graphs because at intensity parameter a = 1/2 the probability that two points 
belong to the same cluster of loops can be explicitly expressed using a metric graph 
Gaussian free field. Indeed the clusters of loops are then exactly the sign clusters 
of the Gaussian free field (J5j). 

The discrete loops T/ n can be deterministically recovered from the metric graph 
loops T/y. The first are the trace on the vertices of the latter. In particular each 
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cluster of £/'" is contained in a cluster of , but the clusters of may be strictly 
larger (0). 

c = 1 is the critical central charge for the Brownian loop percolation on H (or any 
other simply connected proper subset of C). This means that the critical intensity 
parameter is a = 1/2. For a > 1/2, has only one cluster everywhere dense in 
EL If a € (0,1/2], there are infinitely many clusters and each is bounded (Q33)- 
a = 1/2 is also the critical intensity parameter for the existence of an unbounded 
cluster of loops on discrete or metric graph half-plane H r , respectively H„ ([9j[8]). In 
all three settings, for a £ (0,1/2], we will consider the collection of outer boundaries 
of outermost clusters (not surrounded by any other cluster) and denote it J r cxt (>Cf), 
where S is H, H„ or H„. Next we give the formal definition of .F ext (£f). We consider 
the set of all points in H visited by a loop in and take its complement in EL 
This complement has only one unbounded connected component. We take the 
boundary in El of this connected component (by definition it does not intersect R). 
The elements of -F oxt (£f) are the connected components of this boundary. We will 
call the elements of J r ext (>Cf) contours. The contours are pairwise disjoint and non 
nested. See Figure [l] for a representation of T e xt (£(/*). 



Figure 1 . Illustration of three clusters (thin full lines) of , two 
of them being external and one being surrounded. The thick lines 
represent the elements of .F GX t (£“"). 


The contours in -F cxt (£®), a € (0,1/2], are non self-intersecting loops, and are 
equal in law to a Conformal loop ensemble CLE K , k £ (8/3,4] ([T3]). The relation 
between a and k is given by 


( 1 . 2 ) 


2a = c = 


(3k — 8) (6 — k) 
2k 


We will denote by K(a) the value of k corresponding to a particular intensity pa¬ 
rameter a. 
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We will show that both -F ext (£]/") and J r oxt (/C^") converge in law to .F cx t(£®) =* 
CLE K ( a ) for a G (0,1/2]. Observe that k( 1/2) = 4 and J- ex t(Cf) 2 ) and CLE 4 
are both related to the Gaussian free field. T ex t(£y 2 ) is the collection of outer 

boundaries of outermost sign clusters of a GFF on the metric graph H„ ( 0 ) and 
the CLE 4 loops are in some sense zero level lines of the continuum GFF on II with 
zero boundary conditions on r (mam eh e]). 

Next we define the notion of convergence we will use. du will be Hausdorff 
distance on the compact subsets of H. We introduce the distance d* H between finite 
collections of compact subsets of H: 

d* nc = / +0 ° if |/c| ^ |/c'|, 

H{ ’ > \ min^gBijC^j/C') max ife/c d H (K, cr(/i)) otherwise, 

where K. and 1C are finite collections of compact subsets and Bij (1C, 1C) is the set 
of all bijections from K, to 1C . Given 2 G H, we will denote by 

■Fext (££)(*) 

the contour of W ext (iZ//) that contains or surrounds 2 , whenever it exists. It exists 
a.s. in the case S = EL Given z \,..., Zj G H, we will denote 

•Fext (£f)[zi, • • .,Zj\ := {J- cx t(£f)(2,;)|l < i < j}. 

By the convergence in law of J r ext (£“’ 1 ) and jF ext (£“") to we mean that 

for any zi,...,Zj G H, F ext (£® n ) [21 ,..., Zj\ and J" ext (£"" ) [21 ,..., Zj] converge in 
law to J r oxt (£®)[ 2 i,..., Zj] for the distance d* H . 

So, the main result in this article is the following. 


Theorem 1. Let a G (0,1/2]. ,F ext (£“”) and lF ext (£“"•) converge in law (in the 
above defined sense) as n — >■ +00 to J 7 ex t(>C®), that is to say to a CLE K ^ a ) on H. 

In the article [T| Van de Brug, Camia and Lis consider clusters of rescaled two- 
dimensional random walk loops that are not too small. Given T > 0 let £”"’ T be 
the subset of consisting of random walk loops that do at least T jumps. In [T] 
it is almost shown that for 6 G (16/9,2) and a G (0,1/2], •7-' cx t(£“’ l ’ rl ) converges 
in law to a CLE K ( Q ) process in the sense described previously. The result uses 
the approximation of ’’not too small” Brownian loops by ’’not too small” random 
walk loops obtained by Lawler and Trujillo-Ferreras in j2|. However the authors 
in PQ consider the loop-soups only on bounded domains. In the present paper, 
we will extend their result by removing the cutoff on microscopic loops (and also 
consider the case of unbounded domains). Actually, the ’’microscopic” loops that 
are thrown away in [T] create additional connections and may merge large clusters. 
So the point is to show that this happens with a probability converging to 0 and the 
contribution of microscopic loops does not change the picture at macroscopic level. 
Observe that in pQ the authors use the same normalisation of the measure on loops 
as we do but with the widespread confusion about the factor 2 in the intensity of 
loop-soups. 

From above considerations one deduces that the contours obtained in the limit 
from J/xt (£“ n ) and a fortiori from ,F ex t(£“") are ”at least as big as” CLE K ( Q ) 
loops. We thus have a ’’lower bound”. To conclude the convergence we need an 
’’upper bound”. We will prove Theorem [l] in two steps. First, we will construct an 
’’upper bound” for J ? 0 xt(>C I J" 2 ) and deduce the convergence to CLE 4 of lF ex t(£^ 2 ) 
and Then from this we will deduce the desired convergences for a G 

(0,1/2). For this, we will divide the loop-soup of intensity 1/2 in two independent 
loop-soups of respective intensities a and a, with a + a = 1/2. If the scaling 
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limit of -Fext(£”") happens to contain contours ’’strictly larger” than CLE K ( a ), 
then the additional independent contribution of would give in the scaling limit 
of -F ext (£y 2 ) contours ’’strictly larger” than CLE 4 , and this would contradict the 
first step. 

Next we explain how the ’’upper bound” in the critical case a = 1/2 will be 
constructed. We additionally introduce two Poisson point processes of excursions 
on H„ and on H. First we consider H„. Let x £ Z^ x {0}, where Z_ includes 
0. Let i^exc( x ~► (~°°! 0]) be the measure on excursions of the metric graph Brow¬ 
nian motion B En from i to a point in 4 Z_ x {0}. It is defined as follows: Let 
IP^+ieG, B E ’l G 4 Z_ x {0}) be the law of a sample path of B En , started at x + ie , 
restricted to the event B E ! £ b-Z_ x {0} (we do not condition and the total mass 
is < 1). Then 

*&(* (“ 00 - 0 ]) = lim ^P“+ i£ , B^Z £ ^-1- x { 0 }^) . 

Let q £ (1, +oo) and x £ ((^Z) fl [1, g]) x {0}. We will similarly denote by ^ c (x —» 
[1, g]) the measure on excursions from x to (( 4 Z) D [1, g]) x {0}. Let 

(!-3) t 'ex C ((— 0 °) 0]) := U e£c( x (“00,0]), 

x€l X { 0 } 


(!- 4 ) ^cd 1 -?]) : = ^ £ U exc( X I 1 )?])- 

n z ' 

®e((£ z )n[i,g])x{o} 


v^ c ((-oo, 0 ]) i s a measure on excursions from and to x { 0 }. Vg£ c ([l,g]) is a 
measure on excursions from and to (( 4 Z) fl [1, g]) x {0}. 

The above measures can be disintegrated over the starting and the endpoint. 
The measure induced over the couple starting and endpoint is 


s-. £ £ 

~£ interval interval 


S H " hits -Z x {0} on -,0 U (( i o U i o)), 


where ’’interval” stands for either (—oo,0] or [l,g], and <5. denotes the Dirac mass. 
Let G' H (-, •) be the Green’s function of the simple random walk (xk)k> o on H = ZxN, 
killed at the first hitting time of Z x {0}. Let i,j £ Z. Then 

(1.5) 

hits zj x {0} on ^ —,0^ 

-f-oo 

= £%i) (hv- -, x k -1 £ Z x {0}, Xk = (j, l),a: fc+ i = (j, 0)) 

k—0 
^ +oo 

= ^ ( X l) • • • > X k -1 ^ Z X {0}, Xk = (j, 1)) 

k=0 

= iG H ((i,l),(j,l)) = ^G H ((0,l),(j-i,l)). 

Indeed, to go from (^, F ) to (^,0) the moving particle needs to reach (^, F ), 
possibly make excursions from and to this point without hitting ( F Z) x {0}, and 
then with probability j transition to (-,0). Thus, the measure over the starting 
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and endpoint is 

2n GH ((°. 1 )>0'-^ 1 ))^((i ; ,£),(!£)) 

* e interval £ interval 


Observe that the above measure is invariant by permuting the starting and the 
endpoint. Moreover, the conditional probability measures on excursions where the 
both ends are fixed are covariant with time reversal, that is to say the distribution 
on the unoriented excursion does not change. This means that the whole measures 
on excursions u^i c ((—oo, 0 ]) and Ug£ c ([l,g]) are invariant under time reversal. 
According to the asymptotic expansion given in [ 6 ], Section 8.1.1, 

(1.6) t?((0,l),0,l)) = A+o(I). 


So, as n tends to infinity, the measure on the starting and endpoint converges to a 
measure with density with respect to Lebesgue: 


0 dxdy 
~(y-x ) 2 


1 


x,y£ interval- 


The conditional probability measures on excursions of B En with fixed endpoints 
converge too. The limits are the probability measures on two-dimensional Brownian 
excursions from x to y in H, where x,y £ R, and we will denote them P® y (-)- See 
mil Section 1.2, for more on these normalised excursion probability measures. 

Consequently, as n tends to infinity, Ug^ c ((—oo, 0]) and i^j c ([ 1, g]) have limits 
which are measures on Brownian excursions in H, from and to (—oo, 0] x {0} re¬ 
spectively [ 1 , g] x { 0 }, and which disintegrate as follows: 


i£c((-oo,0]) = 2 




dxdy 

(y-x) 2 


i£c(M) = 2 


' x,y 


dxdy 

(y - x ) 2 


In general, given a < b £ R, we will use the notation 


«£c(M):= 2 f [ b ¥l y 
J a J a 


dxdy 

(:y - x) 


2 ' 


See 1171 . Section 4.3, for more on these infinite mass excursion measures. 

We will consider on H„ three independent Poisson point processes: 

• a loop-soup 

• a Poisson point process of excursions of intensity «^ c ((-oo, 0]), u > 0, 
denoted by £„"((—oo, 0 ]), 

• a Poisson point process of excursions of intensity vv E ™ c ({\ , g]), v > 0, de¬ 
noted by £”"([1 ,q\). 

We will consider the following event: either an excursion from £ En ((—oo, 0]) inter¬ 
sects an excursion from £ Erl ([ 1 , g]) or an excursion from £ En ((—oo, 0]) and one from 
£«"([!, g]) intersect a common cluster of £”%. We will denote by Pi/ 2 lll; (g) the 
probability of this event. The second condition of intersecting a common cluster is 
equivalent to intersecting a common contour in -Fext(dis¬ 
similarly we will consider on H three independent Poisson point processes: 

• a loop-soup a £ ( 0 , 1 / 2 ], 

• a Poisson point process of excursions of intensity uu® ((—oo,01), u > 0, 
denoted by £?((-oo, 0 ]), 

• a Poisson point process of excursions of intensity w^ c ([l, g]), v > 0, de¬ 
noted by £®([l,g]). 
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Then we will consider the event when either an excursion from £®((—oo,0]) inter¬ 
sects an excursion from £®([l,g]) or an excursion from £®((—oo, 0 ]) and one from 
£®([1, g]) intersect a common cluster of This event is schematically represented 
in Figure [ 2 J We denote by p® „.„(<?) its probability. 



Figure 2. Two excursions (full lines) connected by a chain of two 
loops (doted lines). 


In Section |2| we will compute p “/ 2 u v ( q ) using the duality with the Gaussian 
free field, and compute its limit as n tends to +00. In Section [3j for an arbitrary 
value of v and a particular value Uo(a) of u (depending on a) we will establish a 
differential equation in q for 1 — p® u v (q). Using this we will show that 

( L7 ) „4+oc P l/ 2 .«o(l/2), !) ( ( ?) =P?/2, U0 (l/2),«(9)- 


This convergence will provide the ’’upper bound” we need. Indeed, if the scaling 
limit of .^xt(£ 1 ) 2 ) contains contours ’’strictly larger” than CLE 4 , then the limit 
contours would connect (!/ 2 )(( — °°) 0 ]) and £®([l,<z]) with a probability strictly 
larger thanp!jy 2 „ 0 ( 1 / 2 ) „(<?)) which in (1.7) would give a strict inequality rather then 
an equality. In Section [4] we will prove the convergences to CLE out of (1.7) using 
the above argument. 


2. Computations on metric graph 

Let Q = (V,E) be a connected undirected graph. V is countable and each 
vertex is of finite degree. Each edge {x, y} is endowed with a positive conductance 
C(x, y) > 0. We also consider a metric graph Q associated to Q where each edge 
{x, y} is replaced by a continuous line of length 

(2.1) r(x,y) = ^C(x,y)~ 1 . 

Let B& be the Brownian motion on the metric graph Q. Let F be a subset of V. 
Let O be the first time B s hits F. Let yP’ F be the measure on loops associated to 
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(Bf )o<t<Cp, the Brownian motion killed at reaching F. It is defined according to 

B g has a time-space continuous family of local times L^(B g ). The Green’s 
function of the killed Brownian motion (Bf) o<t<C F is defined to be 


1.1). bee [ 8 ] for details. Let Dfy 


hug x pumu 




G § ’ f (z,z')=E z 



and is symmetric. Just as B g , a loop 7 £ Cf ,F has a family of continuous local 
times L\( 7 ). We will denote by t 1 the total life-time of the loop 7 . The occupation 
field (£a) ze e\ F is defined as 


C 


Z 

ot 


E u,(7). 

t€£»' p 


It is a continuous field. The clusters of Cf’ F are delimited by the zero set of the 
occupation field. 

At intensity parameter a = 1/2, the occupation field ( £-a) ze g\ F is related to the 
Gaussian free field (<t > z) z& g\ F with zero mean and covariance function G g,F . Given 

zeg\F such that £y 2 > 0, we denote by C\/ 2 (z) the cluster of Cf) F that contains 
We introduce a countable family (<x(Ci/ 2 (z))) ze g\ F of i.i.d. random variables, 

independent of conditional on the clusters, which equal —1 or 1 with equal 
probability. There is an equality in law (see 0 ): 

(2-2) tt*) ze g\ F = (<r(C 1/2 (z))J2£fo) 

V / ZGS\F 

Let x,y £ V \ F. Let C eq (x, y), X^fa), X^, y )(2/) be the quantities defined by 


( G^ F (x,x) G g /(x,y) \ 

\ G s ’ F (x,y) G g ’ F (y,y) J 

( X^ v) {x) + C eq (x,y) -C eq (x,y) \ 

\ ~C eq (x,y) X e (x,y)(y) +C eq (x,y) J ■ 

Then C e<i (x, y) > 0, x^ y) (x), X^, y) (y) > 0, (x^, y) (x) and X^y){y)) Z (0,0). 
C eq (x,y ), X(fy)(x) and X(x V )(v) are t ^ ie conductances of a network electrically 
equivalent to Q, where all vertices in F are at the same electrical potential. This 
equivalent network has three vertices, x, y and a vertex corresponding to the set 
F. C eq (x,y) is the conductance between x and y, Xg? y )( x ) respectively xff. y )(y) is 
the conductance between x and F respectively y and F. 

Let A/ 1/2 (x,y) the number of loops in Cf) F that visit both x and y. 

Lemma 2.1. Let u,v > 0 and x, y £ V \ F. 

(2.3) P (c 1/2 (x)^C l/2 (y)\ci /2 = u,C\ /2 = v,Af 1/2 (x,y) = 0 ) = e ~ 2C ^y^. 
Proof. If A/ 1/2 (x,y) > 0 thenC 1 / 2 (a:) =C 1 / 2 (y). Thus 

(2.4) P (Ci/ 2 (x) + C 1/2 (y) Z\ /2 = u,C\ /2 = v,J\f 1/2 (x,y) = 0 


P (c 1/2 (a;) Z £1/2(2/) 


C x 1/2 = u ,C v U2 = v 


1/2 


x,y) = 0 


C x 1/2 = u X V i /2 = v 


) ' 
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The value of the denominator 

P (Af 1/2 (x,y) = 0 


r x — ii r v — 

*~l/2 L, /r> — 


1/2 


depends only on u,v and on G G,F {x,x),G^’ F (y,y),G G,F (x 1 y) (or equivalently on 
C eq (x,y),xl^ y} (x),X e (^ t y)(y))- This a general property of the loop-soups (see 0, 
especially chapter 7). 

As for the numerator, it can be computed using the duality with the Gaussian 
free field (2.2). If C\i 2 (x) = C 1 / 2 (y), then (j> x and <f> v have same sign. Otherwise, 
t f> x and (f> y have same sign with conditional probability 1/2. Thus 


P(Ci/ 2 (a;) ^ C 1/2 (y) 


£-1/2 — U i^'l/2 — V 


= 1-E 


sgn {(j> x ) sgn(</>j / )| \<j) x \ = y/2u, \(j> y \ = V2v 


= 1 - 


e 2C eq (x,2/)V™ _ g-2C eq (x,i/) % AS7 
g2 C eci (x,y)y/uv _|_ g—2 C e< *{x,y)y/uv 
d -2 C eci (x,y)y/uv 


cosh(2C eq (:r, y)^/uv) 

It follows that the probability ( |2.3[ ) that we want to compute only depends on 
u, v and on C eq {x, y), x^ x y ) (a?), y ) (y). Thus it is the same if we replace Q by the 


interval 


i= 


(-^X^, w) (*) X ,\c e *{x,v) 1 ~ 2E- 


,y) 


(: V) 


-l 


the Brownian motion on Q by the Brownian motion on I killed at endpoints, and 
the points x and y by 0 and ^C eq (x, y) _1 respectively. According to Lemma 3.4 
and 3.5 in [5j, we get (2.3). 

By the way we also get that 

P (N\/ 2 (x,y) = 0 Ci/ 2 = u >^i /2 = = cosh(2C eq (:r, y)y/uv)~ 1 . □ 


In [2], chapter 7, there is a combinatorial representation of C eq (x,y). Given 
z GV, we will denote 

M z ) : = E c ( z > z ')’ 

z'ev 

/ 

where the sum is over the neighbours of z in the (discrete) graph Q. Then 


C eq (x,y) = A(*)E E II 

o > 1 (z 0 ,-,zj)e(v\Fy +1 *=i 

zo=x,Zj=y,Zi~Zi—i 

Zi^x,y for — 1 


Cjzi^^Zi) 

Hzi-i) 


The sum is over all the discrete nearest neighbour paths joining x to y, that avoid 
F and only visit x and y at endpoints. The above equality can be rewritten as 

(2.5) C eq (x,y) = E C(x,z)’¥ z (B^ hits y before F or x). 

zev 

Z~X 

Next we return to the metric graph half-plane H n . Let a > 0. Let G n ,a(<l) be the 
metric graph obtained from H n by identifying the following vertices: 

• All the vertices in ((^Z) D [—a, 0]) x {0} are identified into a single vertex 
^ln(^)- 

• All the vertices in ((^Z) D [l,y]) x {0} are identified into a single vertex 

>n(g)- 
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See Figure [3] We consider a finite value of a just to have a finite degree for the 
quotient vertex < n (a), but eventually we will consider a -A +00. 
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(a) 
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^ 9 

(9) 


Figure 3. Illustration of points identified into <„(a) and t>„(g). 


As the length of the line joining (£, to (^ , £) or (£,£) to (£, ^) is 
the corresponding conductance is according to (2.1) equal to . Let C® q 0 (g) be the 
equivalent conductance between <„(a) and [>„(</) when all the points in (^)Zx {0} 
other than those identified to <„(a) or > n (q) have the same electrical potential. 
According to (2.5) 


fn 9 J 


As a tends to infinity, C'® q a (g) increases and converges to 

[nqj 

(2.6) C^>(9) = ? E 1 


B Un hits ( —Z I x {0} on [—a, 0] x {0} 


1. 


hits ( —Z ) x {0} on (—00, 0] x {0} 


Lemma 2.2. For all «eN* and q > 1, C® q (g) < +00. Moreover 

lim -C?{q) = ±-\og{q). 

n—>+00 n on 


Proof. Using the computation (1.5) and the asymptotic expansion (1.6), we get 
that C^ q (q) < +00 and that 


1 

n 


C?(q) 


1 

87r 


\nq\ +00 

EE 


i—n j—0 


1 

(i + j) 2 


+ 0 


[nqj +00 

EE 


i—n j—0 






□ 


Let u^ c ([—a, 0]) be the measure on excursions u^ c ((—00,0]) restricted to the 
excursions from and to [—a,0] x {0}. Let be the loop-soup associated to 

the Brownian motion on the metric graph G n ,a(q)i killed at the first hitting time of 
(i)Z x {0} outside the points identified to < n (a) or > n (g). Let {£n,a,q,a) z eQ (g) 
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be the occupation field of Ca n ’ a ^ ■ Let Af a (<\ n (a), \> n (q)) be the number of loops 
in joining < n (a) to >„(g). 

Lemma 2.3. Let a,a,u,v > 0. We consider conditioned on Cnfa\q]a. = u, 

^n^a[q]a = v and J\f a (<„ (a), > n (q)) = 0. Then £a n ’°^ consists of three independent 
families of loops: 

• The loops that visit neither < ra (a) nor \> n (q). These are the same as the 
loops in C . 

• The loops that visit <„(a). The excursions these loops make outside <„(a) 
form a Poisson point process of intensity /^uPg£ c ([—a, 0]). 

• The loops that visit \> n (q). The excursions these loops make outside > n (q) 

form a Poisson point process of intensity q\). 


Proof. This follows from universal properties of loop-soups. The subset of loops that 
do not visit a given set F' is distributed like the loop-soup of the same Markov pro¬ 
cess, but with additional killing at hitting F' (restriction property). The loops that 
visit a particular point 2 can be represented by a Poisson point process of Markov¬ 
ian excursions outside z. See for instance [5], Sections 2.2, 2.3, 7.1, 7.2, 7.3, and [6J, 
Propositions 9.3.1 and 9.4.1. The factor ^ in ^ui'f([— a, 0]) and q]) 

comes from the normalisation factor ^ in the definition of Ue£ c ([—a, 0]) (( |1.3[ )) and 
*&=([!,</]) ®)- ” □ 


Proposition 2.4. Let u,v > 0, q > 1 and n > 1. 


(2.7) 


J l/ 2 ,v 


,(«) = !- 


„-2 C^iq)* 


( 2 . 8 ) 


lim 


j (q) = l-q- 2 ^. 


n ^. + 00 P l/ 2 ,u,v 

Proof. Let a > 0. Consider three independent Poisson point processes: 

• a loop-soup C^"j 2 , 

• a P.p.p of excursions of intensity ni/g^ c ([—a, 0]), 

• a P.p.p of excursions of intensity Wg£ c ([l, q\). 

The probability for the two P.p.p. of excursions to be c onne cted either directly 
or through a cluster of equals, according to Lemma 


2.3 


the probability for 


<„(a) and [>„(</) to be in the same cluster of conditional on 

qfw, ^a, 9 q, 1/2 = TT V and Vi/ 2 (<n(a), >„(g)) = 0. According to Lemma 
probability equals 


2.1 


this 


1 — e 


- 2 C^ a (q) t - 


Taking the limit as a tends to infinity we get (2.7). Using Lemma 2.2 we get the 
limit (2.8). □ 


3. Computations on continuum half-plane 

On the continuum upper half plane H we consider two independent Poisson point 
processes: 

• a Brownian loop-soup 0 < a < 1/2, 

• a P.p.p. of Brownian excursions from and to (—oo,0] x {0}, £®((—oo,0]), 
u > 0. 
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We will consider the clusters made out of loops in and excursions in £®((—oo, 0]). 
Among these clusters we only take the clusters that contain at least one excursion 
and consider the rightmost envelop of these clusters. This envelop is a non self- 
intersecting curve joining R to infinity. It can be formally defined as follows. Take 
the clusters that contain at least one excursion. The curve minus its starting point 
on R is the right-most component of the boundary in SI of the closure in H of the 
set of points visited by the above clusters. 

All the excursions £®((—oo,0]) are located left to the curve and there are only 
clusters made of loops right to it. According to m and [TS] this boundary curve 
is an SLE(k,p) starting from 0, where n is given by (1.2) and p by 

(p + 2)(p + 6 - k) 


4k 


We will define 
(3.1) 


u 0 (a) := 


6 — n(a) 
2 K(a) 


We will consider the particular case u = ug(a) (and thus p = 0), which is simpler to 
deal with. SLE(k, p) is then a chordal SLE K curve starting from 0. For a description 
of SLE processes see [16]. We will denote by (£ t )t>o this curve. £o = 0. It does not 
touch R at positive times. See Figure [4j 



Figure 4. Full lines represent Brownian excursions in 
£®((—oo, 0]). Dashed lines represent contours in J r ext (£®). 
The dotted line represents £. 


There is only one conformal map gt that sends H\£([0,t]) (half-plane minus the 
curve up to time t) onto H and that is normalised at infinity z —> oo as 

g t (z) = z+ — +o(z~ 1 ). 
z 

Moreover, one parametrises the curve by half-plane capacity (at = 2f). The 
Loewner flow (gt)t> o satisfies the differential equation 

dgtjz) = 2 

dt g t {z)-y/KW t ’ 

where (fTt)t>o is a standard Brownian motion on R. 

Lemma 3.1. Let a £ (0,1/2]. u 0 (a) «(?) equals the probability that an excursion 

from £®([l,g]) intersects an independent SLEcurve. 
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Proof. Let £ be the SLE K ( a ) curve constructed from and £ ® ^((—oo, 0]), in¬ 
dependent from £®([l,g]). If no excursion from £®([1,<?]) intersects £, then these 
excursions are all on the right side of £ and by definition of £, can only intersects 
loops in that are not connected to ^ ((—oo, 0 ]). 

Conversely, assume that an excursion 7 from £®([l,g]) intersects £ at a point 
zq. Then 3(z 0 ) > 0. Since £®([ 1 ,< 7 ]) and £ are independent, by the properties of 
sample Brownian paths, there is e > 0 small enough such that 7 makes a closed loop 
around the disc with center Zq and radius e, disconnecting it from infinity. Thus, 
any connected set that intersects both this disc and the real line, has to intersect 
7 . By the definition of £, there is either an excursion from £® 00 ,0]), or a 

loop from connected by a finite chain to an excursion from , ^((— 00 , 0 ]), that 
intersects the e- neighbour hood of 20 • Denote this excursion or loop by 7 '. In the 
first case, the excursion 7 ' intersects 7 . In the second case, an element from the 
chain connecting 7 ' to £jf 0 ( Q )((— 00 , 0 ]) intersects 7 . □ 


The excursions £®([1, < 7 ]) satisfy the one-sided conformal restriction property (see 
na. Section 8 , and El. Section 4, in particular Section 4.3 ): if K is a compact 
subset of C that does not intersect [l,g] x {0} and such that H \ I\ is simply 
connected, if / is a conformal map from H \ K onto H such that /(1) < f(q) £ M, 
then the probability that £®([l,g]) does not intersect K equals 

/ 7W(g)(g-i) 2 V 

l (/(?)-/(i )) 2 ) ' 

Moreover, conditional on this event, the law of /(£®([1, q])) is £®([/(l),/(?)]), up 
to a change of parametrization of the excursions. From this conformal restriction 
property, it immediately follows: 


Lemma 3.2. Let n £ (0,4]. Let (£*)*>0 be an SLE K with the driving Brownian 
motion 0 and Loewner flow (gt)t> o- Denote by g' t the derivative of gt 

with respect the complex variable: 


9t( z ) 


dgt(z) 

dz 


Denote by p K!V (q) the probability that an independent family of excursions £®([1,<7]) 
does not intersect £. Then the conditional probability of the event that £®([1, q\) does 
not intersect f conditional on (£ s )o <s<t (or equivalently conditional on (W s )o< s <t) 
and on not intersecting (£ s )o <s<t equals 


(3.2) 


/ 9t(q) - s/nW t \ 

V5t(l) - y/AWt) ' 


The conditional probability of the event that £®([1,<7]) does not intersect £ condi¬ 
tional on (£ s )o<s<t is 


g«( 1 )gt(g)(g- !) 2 y - ( 9t{q) - VkWA 

(9t(q)-gt( i)) 2 ) h ' v \gt{l) - yfflWt) ' 


In particular, for all t > 0, 


(3.4) 


p K ,v(q) = E 


( g' t {l)g' t (g){g-l? 

\ (9t(q)-g t m 2 


f gt(q) - \/nWt \' 
VgtC 1 ) - V* w t). ' 


Proof. ( |3.2[ ) is the conditional probability that g t (£®([l, q})) does not intersect 
(g t (ft+s))s> o- To express it we used the fact that (£?([!,g])) has same law as 
£^-([g t (l),g t (q)]) and that (g t (^t+a))s>o is a chordal SLE K starting from yfkW t . 
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In (3.3) we multiplied the conditional probability that £®([l,g]) does not inter¬ 
sect (£ s )o <s<t and the conditional probability that gt(£®([l, <?])) does not intersect 

(dt(£,t+s))s> o- n 


Next we derive the differential equation in q satisfied by p K , v {q) on (l,+oo), 
provided is C 2 -regular. 

Lemma 3.3. Let k € (0,4], v > 0 and q > 1. Let f be a bounded, C 2 function on 
(l,+oo). Then 

( gt( 1 )fft(g)(g~ 1 ) 2 \" , ( 9t{q) - s/kWA 
\ (9t(q)-9t( l)) 2 ) J U(1 

is a martingale if and only if f satisfies the differential equation 


(3.5) 


Proof. Let 


(9-1)9 



4v 

nq 2 


/ = o. 


(3.6) 


9't(X)g't{q)(q - i) 2 , = 9t(q) - V^Wt 

(gt(q)-9t{ i)) 2 ’ qt ' 5t(l) — yfiiWt' 


Rt has bounded variation (in t). Let 


M t := R v t f(qt)- 


We apply Ito’s formula to (M t ) t > 0 . 


dM t = R v t (vfiqt) 6 ^ + f\qt)dq t + \f"{qt)d{q)^J . 

Denote H := {3(z) > 0}. For z£l \ £([0, t]), 

dg' t (z) = 8_ ( dg t (z) \ = d_ f 2 \ = - 2 gl(z) 

dt dz\ dt ) dz\gt{z)-y/jiWt) {g t {z) - y/nWt) 2 ' 


Thus 

dRt = 


-2g' t (l)g' t { q )(q-iy 


+ 


-2g' t (l)g' t ( q )(q-l) 2 


(9t{ 1) - \^W t ) 2 (g t (q) - gt( l)) 2 (gt(q) ~ V^Wt) 2 {g t {q) - g t { l)) 2 
4gt(l)g((g)(g ~~ l) 2 -4g((l) g (( g )(q-l) 2 

(gt( 1) - y/KW t )(gt{q) - gt( l)) 3 (gt(q) - y/^W t ){g t {q) - g t { l)) 3 

1 1 


dt 


= -2 R t 


(9t( 1 ) ^ \fifWf) 2 ( g t (q ) - \[fWt) 2 

2 


= -2 Rt 


(fft(l) - V^W t ){g t (q) - \ftiW t ) 

1 1 


dt 


gt{ 1) - V^Wt g t (q) - y/HWt 


dt 


on (g* ~ !) 2 

‘ ( 9 t(q) - V*W t ) 2 ' 


2 
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Further 


dq t =•/ 


=\/k. (- 


-1 


9 t{q) - \fnW t 


+ 


V3t(l) - y/nWt Ml) - y/^Wt) 2 
2 

(. 9t{q ) - \f^W t )(g t (l) - sfkW t ) 
5t(g) - fft(l) 


dW t 

9t{q) ~ y/nWt 

M i) - Mm) 3 


M 1) - M^ 7 *) 3 

=wrS%« iM '- + 

fft(g) - Mm 

d(q)t = 

Finally, 

dM t =R v t f'(qt ) 


dt 


(qt - i)g* 


Mg) - Mm) 2 
«(gt - i)M 2 


((« - 2 )g t - 2)dt. 


( 9t(q ) - Mm) 2 


dt. 


v^(gt - i)g* (gt -1) 


dm 


9t(q)-V^W t (,gt{q) - \fnWt) 2 

X Q(lt - MtM'M + g t ((« - 2 )g t - 2 )f\q t ) - 2v(q t - l)/(g t )) dt. 

It follows that (M t ) t >o is a local martingale (hence a true one, / being bounded) 
if and only if 

k , 


M - l)<? 2 /"(<7i) + gt((K - 2)g t - 2)/'(g t ) - 2u(g t - 1)/M = 0, 


which gives the equation (|3.5[). 


□ 


(3.5) is the differential equation for p K , v . However, we do not know a priori 
that p K:V is C 2 -regular. The idea is to show that both p Kv and a solution of (3.5) 
with right boundary conditions are fixed points of a contracting operator, and thus 
coincide. We will do this for the case k = 4 which interests us. 

Proposition 3.4. Let q > 1, v > 0. 

„li I ] 1 oo Pl/2,u 0 (l/2),,('7) =l>V2 lU0 (l/2),«(g) = 1 - <T V '*- 

Proof. By definition 

Pl/2,u 0 (l/2),u(g) = 1 ~P4:,v{q)- 
According to Proposition |2.4[ 


lim 


fq) = 1 - g -V“o(i/ 2 A = i _ 


n ^ +oo P l/2, ii0 (l/2),„l 

Let f v (q) := q~^. With k = 4, the ODE (3.5) becomes 

/"+ 1 /'- 4 / = ° 

q q 1 


and it is satisfied by f v . According to Lemma 3.3 (Rt fv{qt))t> o is a martingale 
(we use the notations (3.6) and k = 4) for any initial value of qo- In particular for 
any t > 0 

f v (q 0 )=m v tf v (qt)}- 

The same is true if we replace f v by p 4 jV ((3.41). Thus, 

(3.7) f v (q 0 ) -p4,v(qo) = E[R%(fv(qt) -P4,v(qt))] 

for any starting value of q 0 £ ( 1 , +oo) and t > 0 . 

p 4 tV is non-increasing on ( 1 , +oo) with boundary limits 

P4,v(l) = 1 , P4,v(+oo) = 0 . 



















16 


CONVERGENCE OF THE RANDOM WALK LOOP-SOUP CLUSTERS TO CLE 


Moreover p^ v is continuous. Indeed, let q £ (l,+oo). A.s. there is no excursion 
in £]®([l,g]) with endpoint (q, 0). This means that pi :V is left-continuous at q. 
Moreover, a.s. there is e > 0 such that there is no excursion in £®([1,(? + e) with 
an endpoint in [q,q + e) x {0} that intersects an independent SLE 4 curve. This 
implies that p^ v is right-continuous at q. From the continuity of p 4 ^ follows that 
there is q £ ( 1 , + 00 ) such that 


\fv(q)-P4, v {q)\ = max \f v (q) ~PA,v{q)\- 

ge(l,+oo) 


Let t > 0 and let q be the initial value q 0 of (g s )s>o- From (3.7) we get that 
\fv{q) ~ P4,v(q)\ < E[R v t ]\f v (q) - p 4 , v {q)\. 

But a.s. R t < 1 and E[l?/] < 1. This implies that 


I fv (q) - PA,v (q )| = max \f v (q) ~ P4,v(q)\ = 0 

ge(l,+oo) 


and that 

P4,v(q) = q~' /i - 


□ 


4. Convergence to CLE 
In this section we prove the convergence results. 

Let Qi := (— l,l ) x (0,1). Let £H„cQi,t ^g t j ie i 00 p S j n ^hat are con tained 
in Qi and do at least T jumps. Let Cfff 1 be the Brownian loops in that are 
contained in Qi. From [I] follows that for a £ (0,1/2], l > 0 and 9 £ (16/9,2), 
J r ext(£a' inQ ‘ ,n<> ) converges in law to R ext (£$ l ). 

Lemma 4.1. Let a £ (0,1/2] and 9 £ (16/9,2). T cxt (£^" ,n<) ) converges in law to 

-Fcxt(C)- 

Proof. Let 27 ,..., Zj £ H. To deduce that J r ext (£^"’ n<, )[ 2 : 1 ,..., zj] converges in law 
to (£®) [z± ,..., Zj] from the result of [T] we need only to show that 

lim liminf P(Contours of •7 r ex t(£]/ , ’ n )[zi, ■ • •, z j] contained in Qi ) = 1 . 

Z—H -00 n —>•+00 

Let e £ (0,1/2). There is 1 0 > 0 such that 

P (Contours of J r oxt (£®)[^i,..., Zj] contained in Qi 0 ) > 1 — e. 

Denote 

dmQi := ({-1} x (0,1]) U ({ l} x (0,1]) U ([-1, l] x {/}). 

There is li > l 0 such that 

P(3 7 G £®, 7 n Q lo ± 0 ,7 n dnQw ± 0) < e. 

Then 

lim P(Contours of J r ox t(Ta" n< ^ il ’” )[zi,..., Zj] contained in Qi ) 

n—>-+oo 

= P(Contours of R ext (£a h )[~i, • ■ ■, Zj\ contained in Qi 0 ) 

> P (Contours of ^ r ext (>C®)[^i,..., Zj] contained in <5; 0 ) > 1 — e. 
According to the approximation of [3], 

lim P(3 7 G £^ n °, 7 n Q lo + 0 ,7 n dmQ h ± 0) 

n —>■+00 

= P( 3 7 e£“, 7 nQ io ^ 0 , 7 n^aQ Zl ^0) <e. 
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But 

P(Contours of J r ex t(>C”"’ n )[zi,..., Zj\ contained in Qi 0 ) > 

P(Contours of J r ext (/ia' in< ^ !l )[zi, ■ ■ ■ ,Zj ] contained in Qi 0 ) 
-P(3 7 7 nQ, 0 ^9,jndaQ h ^ 0). 

Thus, 

liminf P(Contours of F" ox t (£„"’” )[zi, ■ ■ ■, Zj] contained in Qi 0 ) > 1 — 2s. □ 

n—>•+oo 

From now on 0 £ (16/9,2) will be fixed, a will belong to (0,1/2]. For Zq £ H, 
we define 

S a ,n(zo) ■= max{d(2, T cxt (C ]1 a ri ’ ne )(z 0 ))\z £ J ? oxt (£“")(2o)}- 

By z £ J r cxt (£^ n )(zo) we mean that 2 is a point on the contour J r ext (£^ n )(zo). The 
random variable S a ,n(zo) is defined only when J r ext (£^ n,n )(z o) is defined, which 
happens with probability converging to 1. 

Lemma 4.2. Assume that iF ext (£^) does not converge in law to Fe X t(£®). Then 
there is z a ,o € H such that S ai n(z a , o) does not converge in law to 0. 

Proof. If .F 0X t(£“") does not converge in law to Fext(F®) then by definition there 
are z\,...,Zj £ H such that Fe X t(£® n )[2 i,..., Zj\ does not converge in law to 
■F ex t (£®)[zi,... ,Zj\. To the contrary P ext (£^ , ’ n )[z±, ..., Zj] does converge in law 
to F" ex t(£®)[2i, ... ,Zj]. Since each contour of F" ex t )[z\, ..., Zj\ is surrounded 

by a contour of T ex t (£"") [zi ,... ,Zj], one of 6 a ,n{zi) must not converge in law to 
0 . ’ □ 

Let z a fi be defined by the previous lemma under the non-convergence assump¬ 
tion. The set of points 2 on the metric graph contained in or surrounded by 
P r ext(>C"’ l )(2 a ,o), such that d(z, T ext (£^’ n ){z afi )) = S a ,n(z a fi) A 1, is non-empty 
(when S atn (z a fi) is defined). Indeed, F e xt(Fa' l )(F*,o) plus the set of points it sur¬ 
rounds is connected and compact. Let Z a ^ n be a random point taking values in the 
above set, for instance the maximum for the lexicographical order. 

Lemma 4.3. Assume that F/x t (F“ n ) does not converge in law to .Fext (■£«)• Then 
there is a sub-sequence of indices n a fi such that the joint law of 

H n® 

(F e xt {£a a '°’ a '°){z a , o), Z arla0 ) 
has a limit when n Q> o —> +oo. It is a law on 

(F' ex t(F®)(2 aj o), Z a ) 

satisfying the property that with positive probability the point Z a is not contained 
or surrounded by F’ ex t(F®)(2 Q) o). 

Proof. S atn (z a! o) does not converge in law to 0. This means that there is e > 0 and 
a sub-sequence of indices n! such that 

(4.1) Vn', P(d(Z a , n >, .7^ (£%’ •”'*) (z a>0 )) > e) > e. 

The sub-sequence of random variables 

H , ,Q 

(-Fex t(£ a ) (^ct.o)) Z a n f ) 

is tight. Indeed the first component of the couple converges in law and the second 
is by definition at distance at most 1 from the first. Thus there is a sub-sequence of 

? ji& 

indices n a ,o out of n' such that there is a convergence in law. F e xt(£ Q "“' 0 ’ )(2 a> o) 
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converges in law -Fext^aX-^o) 

H Tl® 

limit in law of (.7 r ox t(£a"“' 0 ’ “’° 


. Let Z a be defined as the second component of the 


){z a ,o),Z at „ 0 ). (4.1) implies that 


F(d{Z a , T QXt (£a){z a ,o)) >£)>£■ 

Moreover, a.s. Z a cannot be in the interior surrounded by .F~e X t(>C®)(0a,o) because 
Z an is not surrounded by J r ex t(>C^"’" ){z a ,o). □ 


From now on will be a fixed everywhere dense sequence in H. 


Lemma 4.4. Assume that iF ex t(C^-) does not converge in law to -F ox t(£®). Then 
there is a family of sub-sequences of indices n a j such that 


n a ,o Is given by Lemma 4-3 
n a j +1 is a sub-sequence ofn a j. 
The random variable 


(J" cxt (£a"“' J 
converges in law as n a j 


) [^a,0; Zl, . . . , Zj \, Z a na j ) 

■ +oo and the limit defines the joint law of 


(AxtOOta.o, z i,---,Zj\,Z a ). 


• The family of joint laws on (.F ex t(.£®)[0 Q) o, -i, ■ ■ •, Zj], Z a )j>\ is consistent 
in the sense that the law on (•F’ ex t(£®)[z a , 0 ) z i> ■ ■ ■ > z j], Z a ) induced by the 
law of (.F~e X t(£a)[zc«,o> Zi,..., Zj + 1 ], Z a ) is the same as the one given by the 
convergence. In particular the law on (.Fo X t(£®)(z Qi o), Z a ) is the one given 
by Lemma \4-3\ 

• The family of laws of (•7 r ex t(£a)[0a ; ,o, Zi,...,Zj], Z a )j>i uniquely defines a 
law on (J" oxt (£®), Z a ). 


Proof. The consistency of law follows from the fact that n a j + i is a sub-sequence 
of n a j. A contour loop in .F ext (£®) almost surely surrounds one of the Zj points. 
Thus the fact that a consistent family of laws on (.Fo X t(£®)|2 Qj o, 0i ,. .., Zj], Z a )j>\ 
uniquely defines a law on (J" ex t(£®), Z a ) follows from the Kolmogorov extension 
theorem. 

Next we explain how we extract n a j +1 out of n a j. By construction, the sub- 

sequence (J r 0Xt (jCa°‘' 3 ’ a ’ J )[^ Q) o, ~i, • • •, Zj], Z a Tloi ) converges in law as n a j —► +oo 
and defines a joint law on (iF ext (£^)[z at o, zi,.. ., Zj], Z a ). Moreover we have the 

convergence in law of •Fo X t(£a"“ J ’ °‘' 3 )(zj + 1) to •F’ ex t(£®)(0j+i). Thus the sub- 

sequence {T cx t{C a “’ 3 ’ ° J )[ z tt,Oi"ivi 2 i+i]i^a,n aj ) is tight and one can extract 
a subset of indices n aj +i such that it converges in law. The limit law is a law on 
(•F OX t(£a)[~a,0, Z U ..., Zj+l],Z a ). □ 


Theorem 2. iF ex t(jC^ 2 ) and J r ex t(C , S 2 ) converge in law as n -4 +00 to 4F e ^t (>C®y 2 ), 
that is to say to a CLE 4 on H. 


Proof. It is enough to prove the convergence of T ex t (£f^ 2 ). Indeed we already have 

the convergence for P cxt (£^ 2 n ) and each contour J r ext (£ I J^ 2 )(z) lies between the 

contour T cx t )( z ) an d contour J r oxt (£’Jy 2 )(z). 

Assume that -F^xt^i^) does not converge in law to •F’ext^i/A Let 01/2,0 be 

and ni/2.j the sub-sequences defined by Lemma 


the point defined by Lemma 


4.4 


4.2 


4.4 


We also consider the joint law of (J r ext (£5 I / 2 ), Zi/ 2 ) defined by Lemma 
'or it, v > 0 and q > 1 we consider additional independent Poisson point pro- 
cesses of excursions £®((—00,0]) and £®([1, <7]). Let A 1 / 2 , u ,v(q) be the event that is 
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satisfied if either an excursion from £®((—oo,0]) and one from £®([l,g]) intersect 
each other or both intersect a common contour from J r ex t By definition 


P (^l = Pl/2,u,v(^- 


Let A+ /2 u v ( q ) be the event that is satisfied if one of the following conditions 
holds: 

• An excursion from £®((—oo, 0]) and one from £®([1, q)) intersect each other. 

• An excursion from £®((—oo, 0]) and one from £®([1, q]) intersect a common 
contour from -Fext^ 1 ^)- 

• An excursion from £®((—oo,0]) intersects F~ ox t(£ I [y 2 )(;zi/2,o) an d an excur¬ 
sion from £®([l,g]) hits or surrounds Z i/ 2 . 

• An excursion from £®([l,g]) intersects •7 r ex t(£ I [y 2 )(;2i/2,o) and an excursion 
from £®((—oo, 0]) hits or surrounds Z 1 / 2 . 


We claim that 


P ^1/2,«,«(?)) > P (^l/2 ,u,v(q)) = pf/2,u,v(<l )■ 


To see that the strict inequity holds, consider the following: 


• Restrict to the event when Z \/ 2 is not contained or surrounded by the 
contour T 0 xt{£^/ 2 ){z\/2fi), which has a positive probability. 

• Let K by a compact subset of ( 3 (;z) > 0 } that contains -Foxt^ 1 ^) (21/2,0) 
and Zi/ 2 , such that H \ K is simply connected and such that K intersects 
the real line on ( 0 , +oo) only. 

• Since £®((—oo, 0 ]) is independent from (.F cx t(£?jy 2 ), Zi/ 2 , K), there is a pos¬ 

itive probability that no excursions in £®((—00, 0 ]), except one, hits K, and 
one excursion hits the contour (21/2,0) without surrounding Z 1 / 2 . 

Then the point Z- { / 2 is to the right from the region defined by £®((—00, 0 ]) 
and the contours in • 7 7 ex t(£?jy 2 ) it intersects. See Figure |ij again for a rep¬ 
resentation of this region. 

• Since £®([l,g]) is independent from (F" ex t(£ 5 y 2 ), Zi/ 2 , £®((—00, 0 ])), there 
is a positive probability that no excursion from £®([l,g]) hits the region 
defined by £®((—00, 0 ])) and the contours in J r ext (£ I |y 2 ) intersected by 
£®((—00, 0 ])), but one excursion from £®([l,g]) surrounds the point Z 1 / 2 , 
which is to the right from this region. 


See Figurej5jfor the illustration of A^ 2 u v (q) \ A l / 2uv {q). 
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Figure 5. Illustration of At ln (q) where an excursion from 
£®((—oo, 0 ]) surrounds Z 1 / 2 and an excursion from £^([ 1 , < 7 ]) in¬ 
tersects J‘ext(^ I f /2 ) (Zl/ 2 ,o) ■ 


Let j > 1. The events Ax/ 2UtV {q,j) respectively A+, 2uv (q,j) are defined simi¬ 
larly to Ai/ 2 uv (q) respectively A^ 2 u v (q), where the condition of £®((—oo, 0]) and 
£®([1, g]) intersecting a common contour of (/C'f/ 2 ) is replaced by the condition 

of intersecting a common contour of J- ex t(£®/ 2 )|~i/2,0; Zi,... ,Zj\. Then 

lim V(A 1 / 2 uv (q,j)) = V(A 1/2u v (q)), lim F(A+ =P(A+ {q)). 

J—t + OO J->-\-00 I i i 111 

We will denote by A™j 2 uv {q 1 j) and A^ u v (q,j) the events defined similarly to 
A i/2, u ,v(q,j) and A + /2 u v (q,j) by doing the following replacements: 

• £?((-o°,0]) replaced by £%> ((-oo, 0]) and£®([l,g]) replaced by £*™([l,q\), 

• Z 1/2 replaced by 

9 y 2 ) replaced by 2 ) and .P*e X t(-^;iy 2 )[-2'i/ 2) 05 Zij • ■ ■ , ZjJ re- 

H n d 

placed by •F ext (>C 1 ^ n ) [^i/ 2 ,o, zi,..., zj]. 

-^ext (^1/2" ) [21/2,01 zi,..., z n J converges in law to J" ext (£ I | I /2 )[-Si/2,o J Zi,..., Zj\, the 

P.p.p. £[[”((—00,0]) to £®((—00,0]) and £”"([1 ,q\) to f®([l,g]). Moreover, in the 
limit, if an excursion intersects a contour loop in J r ext (£®y 2 )[zi/ 2! o, z%, ... , Zj], then 
a.s. it goes inside the interior surrounded by the loop. Thus the intersection still 
holds for small deformations of the excursion and of the contour. Thus for all j > 1 
we have the convergence 


n —>-+oo 

From Lemma |T4] follows that 


lim P {^ /2uv {q,j)) =P {A x / 2 , u , v {q,j)). 


lin i^ P ( A l/2 2 ,u.v^j)) = 


"1/2, j—> + 00 


/2,i 


Each contour of )is surrounded by a contour of J-'ext ) and Zi/ 2n 

belongs to or is surrounded by .7 7 e xt(>Ci/ 2 ) (21/210). Thus, on the event A™’, 2u v (q,j ), 
an excursion from £""((—00, 0]) and one from £®"([1, <7]) either intersect each other 
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or intersect a common contour from J r ext (£ I Jy 2 )[ 2 1 / 2 ,o: %i> ■ ■ ■ > z j\- Thus, 


Pl/ 2 ,„,» > F ( A l/tu,v( q ' j V 


Let u be equal to uq(1/2). Then 


Pi/ 2,^(1/2),»(9) = „ li m +oo Pi/2,u 0 J (i/2),,(9) ^ 


lim , .. p ( 4 i/wi/2),>>i)) = v ( A t, 


n l/2,j— H"00 


l/2,U 0 (l/2),V 


(<?>/))■ 


Taking the limit as j —> +00 we get 


P?/2,« 0 (1/2) I »(?) > j i™ x) P ( >1 V2, U o(l/2 ),v^,j)) = P ( A t/2,u 0 (l/2),v( q V > 

P(^1/2,m 0 (1/2), v(q)) = Pf/2,u 0 (l/2),v( < l), 

which is a contradiction. It follows that J r ext (£ I Jy 2 ) converges in law to J r ext (£ I |y 2 ). 

"□ 


Lemma 4.5. Let a £ (0,1/2). Let a := 1/2 — a. Let and £? be independent 
and let 


nW _ /’H | | /’ll 

^*' 1/2 ^OL ^ ^-'OL * 


Let z 7 ^ z £ H. TTie conditional probability 


P(J- ext (£« 2 )( 2 ) ^ -F oxt (£“ 2 )(5)|J- ext (£®), J- ext (£?)(5)) 
is o.s. positive on the event 


J- oxt (£?)(5)n J- ext (£“)(*) = 0. 


Proof. On the event that J r oxt (£®)(z) does not surround 5 one can choose a con¬ 
tinuous path fj joining 5 to cffil = R. x { 0 } and avoiding J" ext (£®)( 2 ;) (fj is thus 
random). Let I\ be the union of f), J r ox t(£®)(5) and all the contours in ,F cx t(£®) 
that do intersect either fj or J 7 ext (£®)(5). Let Hull (A') be the hull of K 1 that is to 
say the complement in H of the unique unbounded connected component of H\ K. 

On the event that A’ ex t(£^)( 2 ) does not intersect z does not belong 

to Hull(AT). One can than choose a path 77 that connects z to H and avoids Hull(/i). 
Let K be the union of 77 and all the contours in J r ex t(£a) that intersects 77 . Let 
Hull (if) be the hull of K. Figure [b] is an illustration of 77 , 77 , K and K. 
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0 

Figure 6. Illustration of fj, r), K and K. rj, r] and .Fext(£a)(5) 
are drawn in full lines. Elements of J- ext (£,^) are drawn in dashed 
lines. 


By construction, on the event 

j- ext (/:°)(z)nj- ext (£“)(^ = 0, 

we have 

• Hull (AT) n Hull (if) = 0 , 

• H\ (Hull(A') U Hull(A')) is simply connected, 

• no Brownian loop from £® crosses the boundary of Hull(If) or Hull(A') 

and in particular a contour in is either inside Hull(If), Hull(A') 

or inside the complement H\ (Hull(AT) U Hull(A')). 

Conditional on 

(££)(*) ± J- ext (£®)(5), J- ext (A“)(5) n^ cxt (£®)(z) = 0 
and on Hull(A'), Hull(/\) the law of the contours J r cx t(£ I |y2 Hull(A ^ UHull ^^) ) created 
by the loops £®A Hull ( A ) uHun (R)) f rom ^hat stay i ns ide Hl\(Hull(AT)UHull(A')), 
is a CLE4 inside H \ (Hull(A') U Hull(A')), and they are conditionally independent 
from £?/ 2 \^ HuUWuHuU( ^ ) . 

Conditional on the event 

(££)(*) ± Je X t(C)(^)/ext(i:S(2)nJe X t(OW = 0 

and on Hull(AT), Hull(AT), .F ex t(£®), J-^xt(£®) (5), the probability that 

^ ext (£“ 2 )(.~)=A cxt (£® /2 )(5) 

is less or equal to the probability that Hull(A') and Hull(A') are connected by 
a cluster of £f / / 2 > which is less or equal to the probability that given the contours 

•Aext(£f/2 Hull ^ A ^ UHull ^ A ^) and an independent loop-soup in H of parameter a, there 
is a contour T and two loops 71 and 72 in the loop-soup of intensity a such that 

• 71 intersects T and Hull(A'), 

• 72 intersects T and Hull(A'). 
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The latter conditional probability is a.s. strictly smaller than 1. This is what we 
needed to prove. □ 


Theorem 3. Let a € (0,1/2). -T/xt^a") and J r ext (£“ Tl ) converge in law as n -r 
Too to -Fext(£®), that is to say to a CLE K / a ^ on H. 


Proof. As for Theorem [i] it is enough to prove that E cx t (£"") converges in law 
to J r ext (T®). Let’s assume that this is not the case. Let z at0 be the point and 
n Qj o the sub-sequence defined by Lemma 4.2 We also consider the joint law of 
(.F GX t(£®), Z a ) defined by Lemma 


Since 


4.4 


and 


we can choose 5 £ 


lim P (J- ext (£®)( 2a , 0 ) = J- ext (£“)(z)) = 0 

Z—¥ OO V 7 

V (d(Z a ,T ext (£™)(z a , 0 )) >0) >0, 

II such that 


P (j- cxt (£“)(2 a ,o) = J-ext(>C“)(5)) < P (d(Z a , J- ex t(O(^, 0 )) > o) . 

In that way 

P(d(Z a ,T cxt (C)(z a ,o)) > 0, J- ext (O(z a , 0 ) ^JextGO(S)) > 0. 

Let a := 1/2 — a. We take £® independent from (£®, Z a ) and £g" independent 
from (£® n , Z a ^ n ). We define £/y 2 and £"/ 2 as unions of two independent Poisson 
point processes: 

r M r M I I n H £»H n /'•H n I I £*H 71 

-Ci/ 2 -‘-'a ^ ’ ^1/2 ^ * 

Let A a be the event defined by .Foxt^^XAi.o) = -Aext^^X-S). Let A+ be the 
event which holds if one of the below conditions is satisfied: 

. E ext (£f /2 )(z a! o) = p- ext (£f /2 )(z), 

• ,F ext (£?)(.?) surrounds Z a . 

Figure [ 7 ] is an illustration of Af \ A a . 



0 


Figure 7. Illustration of Af \A a . 
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Let us show that P(A+ \ A a ) > 0. Let E4 be the event defined by the following 
four conditions: 

. d(Z ai T ext (£™)(z a , 0)) >0, 

. J-extOO^o) ^ J^ext^)^), 

• J'ext(>C®)(5) surrounds Z a , 

• J- ext (£?)(S) n J- ext (£®)(za,o) = 0- 

It has positive probability because of our choice of z and the independence of 
-£cxt(£a)(5) from (.F ox t(£®), Z a ). Let A a be the complement of A a . A a and E4 
are independent conditional on (J r cxt (£®), J r ox t(£a)(5)). Thus 

P(A+\A a ) =P(E4,A a ) = E[l B 4 P( J 4 Q |J- oxt (£“),J ox t(£?)(z))]. 

P(A a |J r 0 X t(£®), J r cxt (£a)( 5 )) is a.s. positive on the event 


4.5 


According to Lemma 
E 4 . It follows that P(A+" \ A a ) > 0. 

Let A™ and A™ ,+ be the events defined similarly to A a and A+ where the contours 
•£ext(£f/ 2 )(za,o), •£ext(£f /2 )(^) and J' ext (£®)(^) are replaced by J" ext (£ I J/ 2 )( 2 Ql o) ) 
*P*ext(£i / 2 ) (2) and -Pext(£a")(5) respectively and Z a is replaced by Z ai „. Since Z a , n 

is on the contour .P/xt (£«")( A*,0) we have the equality A™’ + = A”. From Theorem 
OH follows that 


On the other hand 


lim P(A™)=P(A a ). 

n —>■+00 


lim inf P(A" q ’ 0,+ ) > P(A+) > P(A Q ), 

n a ,o-^-\-oo 


which is a contradiction. It follows that J r ext (£^,") converges in law to J r e xt(£a)- ^ 
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